Abstract Let W k denote the number of walks of length k (≥ 0) in a finite graph G , and define
holds for all k in N . Consequently, the limits lim 
INTRODUCTION
Given some integer k ∈ N 0 and a graph G = (V, E) with finite vertex set V and edge set E ⊆ V 2 , let W k = W k (G) denote the number of walks of length k in G , i.e. the number of sequences v 0 , v 1 , . . . , v k of vertices from V with {v i−1 , v i } ∈ E for all i = 1, . . . , k . In [1] , it was shown that W 2 a+b ≤ W 2a W 2b holds for all a, b ∈ N , that the set , a) a ∈ N 0 } , and that these cases can be characterized as follows:
holds for some fixed λ ∈ R and for all k ∈ N 0 ⇐⇒ W 1 = λ W 0 and W 2 = λ W 1 holds for some fixed λ ∈ R ;
holds for some λ ∈ R and for all k ∈ N ⇐⇒ W 3 = λ W 2 and W 4 = λ W 3 holds for some fixed λ ∈ R ;
W k holds for some fixed λ ∈ R and for all k ∈ N ⇐⇒ W 3 = λ 2 W 1 and
is non-negative for all odd k ∈ N and that the implications
Remarkably, the sign of ∆ 2k can be positive as well as negative: In case G is the three-vertex path P 3 , we have W 2k = 3 · 2 k and W 2k+1 = 4 · 2 k for all k ∈ N 0 and, hence, ∆ 2k = −2 k < 0 for all k ∈ N (according to the definitions proposed below, this is an example of a strictly subharmonic graph). In case G is the non-connected graph on five vertices whose components are the triangle C 3 and the two-vertex path P 2 , one has W k = 2 + 3 · 2 k and, consequently, ∆ k = 3 · 2 k > 0 for all k ∈ N (according to the definitions below, this is an example of a strictly superharmonic graph).
Here, we will show that the sign of ∆ 2k is constant, at least, for all sufficiently large k . More generally, we will investigate the asymptotic behaviour of the sequences (∆ k ) k∈N in case ∆ 2k−1 = 0 holds for all k ∈ N and establish the following result:
holds for all k ∈ N . In particular, the limits τ odd := lim 
and there exist numbers a odd , a even ∈ R >0 with
(as functions of k).
We note in passing that the number of walks in a graph and the quantities ∆ k are of some importance in chemical applications. The interested reader will find more details on this matter in [2] and in the references quoted therein.
PROOF OF THEOREM 1
As in [1] , we observe that for j ∈ R V the all-one vector (1) v∈V and A = A G = (Γ E (v, w)) v,w∈V the adjacency matrix of G , defined by Γ E (v, w) := 1 if {v, w} ∈ E and Γ E (v, w) := 0 else, we have j A k j = W k for all k ∈ N 0 . Thus, the claim follows from the following more general observation: Let A = (a ij ) i,j=1,...,n denote a symmetric n × n-matrix with a ij ∈ R for all i, j = 1, . . . , n . For each µ ∈ R , let
denote the eigenspace of A relative to µ . Given some fixed vector j in R n , let j µ denote its component in U µ in the associated spectral decomposition j = µ j µ of j relative to the canonical decomposition R n =⊥ U µ of R n into the orthogonal sum of the eigenspaces of A . Let σ µ = σ µ (j) denote the necessarily non-negative inner product σ µ := j j µ = j µ j µ .
Thus, putting T = {|µµ | µ , µ ∈ R ; µ < µ ; σ µ σ µ = 0} and N := #T , we can index the elements in T as τ 1 , τ 2 , . . . , τ N so that 0 ≤ τ 1 < τ 2 < . . . < τ N holds.
Further, we may put
According to the terminology introduced in [3] , the quotients j In case A is the adjacency matrix of a finite graph G and j is the all-one vector, these numbers coincide indeed exactly the main angles and the main eigenvalues of G as defined in [3] .
for ν = 1, . . . , N which clearly implies a ν + b ν > 0 , by definition of T , and
for every k ∈ N . Thus, the limits τ odd := lim whereas, in all other cases, we have
Further, we have
whereas, in all other cases,
must hold for the largest index ν 0 in {1, . . . , N } with a ν0 = b ν0 . Finally, assuming (without loss of generality) that N > 0 holds, our formulae imply
as well as
with ν 0 as above in case τ even = 0, and ∆ 2k = 0 for all k ∈ N in case τ even = 0 . This establishes all of our claims.
EXAMPLES
We begin our discussion of examples with the following Corollary. Given a finite graph G , exactly one of the following four alternatives holds:
Harmonic graphs are exactly those graphs that satisfy (H). Graphs that satisfy (H 0 ), (H + ) or (H − ) will be called almost, super-and subharmonic, respectively. Graphs with ∆ 2k (G) > 0 for all k ∈ N will be called strictly superharmonic, whereas those with ∆ 2k (G) < 0 will be called strictly subharmonic.
Next note that -in view of the Perron-Frobenius Theorem -we have j µ * j µ * = 0 for j the all-one vector considered already above and µ * = µ * (G) the largest eigenvalue of the adjacency matrix of a graph G . Further, denoting the smallest main eigenvalue of G by µ − = µ − (G) and, in case G is non-regular, the second largest main eigenvalue by µ + = µ + (G) (which must exist and be distinct from µ * (G), though not necessarily from µ − (G) if G is non-regular) the above analysis implies that a non-regular graph G is superharmonic if the sum µ + + µ − is positive (and strictly superharmonic if µ − > 0 holds), that it is subharmonic if this sum is negative, that G is harmonic if µ − = µ + = 0 holds and that in case µ − + µ + = 0 and µ − , µ + = 0 , G is superharmonic in case σ µ+ > σ µ− and subharmonic in case σ µ+ < σ µ− . In particular, if −µ * (G) is a main eigenvalue of G , then G is necessarily subharmonic. It is also clear that every semiharmonic, yet not harmonic graph G is strictly subharmonic: Indeed, we have some λ ∈ R * with W 2k+1 = λ 2 W 2k−1 and W 2k+2 = λ 2 W 2k for all k ∈ N which implies
We do not know a single example of an almost harmonic graph and wonder whether such graphs exist at all. All path graphs P n , n ≥ 3 , are easily seen to be strictly subharmonic (cf. [3] for the eigenvalues and eigenvectors of P n from which this fact can be derived).
The Cartesian product G G of any non-regular graph G with any regular graph G of degree r > −(µ − (G) + µ + (G))/2 is superharmonic, and it is necessarily strictly superharmonic if r ≥ −µ − (G) holds: To see this, just recall that the main eigenvalues of G G are of the form µ + r where µ is a main eigenvalue of G . Thus we have µ − (G G ) = µ − (G ) + r and µ + (G G ) = µ + (G ) + r .
Examples of strictly sub-and strictly superharmonic graphs were given earlier. The 8-vertex tree obtained by identifying the central vertex of P 5 with an end vertex of P 4 is a subharmonic, yet not strictly subharmonic graph. The nonconnected graphs on 2q + 3 vertices, consisting of one triangle and q copies of P 2 are superharmonic, yet not strictly superharmonic for all q ≥ 15 .
More generally, one can construct sub-as well as superharmonic graphs with an arbitrarily large number h(G) of sign changes of ∆ 2k . Non-connected examples are easily constructed using Theorem 1. However, we expect that one can also construct connected super-and subharmonic graphs G with h(G) > c for any c > 0 .
